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Abstract 

We present evidence that the CHL string in eight dimensions is dual to F-theory 
compactified on elliptic K3 with a ro(2) monodromy group. The monodromy group ro(2) 
allows one to turn on the flux of an antisymmetric two form along the base. The B^^, 
flux is quantized and therefore the moduli space of the CHL string is disconnected from 
the moduli space of F-theory /Heterotic strings (as expected). The non-zero S^j^ flux 
obstructs certain deformations restricting the moduli of elliptic K3 to a 10 dimensional 
moduli space. We also discuss how one can reconstruct the gauge groups from the elliptic 
fibration structure. 
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1. Introduction 

F-theory appears to be a very powerful tool in analyzing the non perturbative aspects 
of the heterotic string compactifications [Q. The x and the SO (32) heterotic string 
theories are equivalent to each other below ten dimensions. By now we have a very clear 
understanding of the relation between heterotic strings and F-theory compactifications. 

Another interesting construction is the CHL string which exists only for (i < 9 
0. The CHL string is defined in 9 dimensions as a certain orbifoldization of E^ x Eg 
heterotic string. The orbifold group permutes the two -Eg's and acts on 5"^ by a shift. In 8 
dimensions one can also discuss CHL either as a Spin{32)/{Z/2) heterotic string with no 
zero Z/2 fiux. This Z/2 fiux according to Witten measures the obstruction to "vector 
structure" . 

One can also discuss the CHL string as a -Eg x Eg heterotic string with nontrivial bundle 
twisted by an external Z/2 automorphism exchanging two i^g ||^ . In contrast with the 
heterotic string the CHL strings may have unbroken non-simply laced gauge groups below 9 
dimensions. Some aspects of 8 dimensional compactifications were considered in 0] where 
in particular the dual F-theory is investigated in the isotrivial limit. 

The dual description of CHL string in 6 dimensions and below in terms of type II 
strings was developed by A. Sen and J.Schwarz in 0]. In the second section we review their 
construction from a slightly different angle. It appears that the construction of can be 
pushed up to 7 dimensions but the 8 dimensional generalization is not so straightforward. 

In the third section we discuss our proposal for a F-theory dual to the CHL string (in 
8 dimensions). We claim that the CHL string is dual to a F-theory on an elliptic K3 with 
non-zero fiux of an antisymmetric 2-form B through the sphere. The value of the fiixx is 
quantized and it is fixed to be equal to ^uj 0. The presence of this flux freezes 8 of the 
moduli of the elliptic K3, leaving only a 10 dimensional subspace. On this subspace the 
monodromy group reduces from 5'L(2, Z) to ro(2). This is the biggest subgroup of 5'L(2, Z) 
that keeps the flux B = invariant. We will check our conjecture by comparing the 
gauge groups appearing in the F-theory and CHL string compactiflcations. The possibility 
of introducing a quantized S^j^ flux for certain type I backgrounds was already discussed 
in , . Following Sen ^ one should expect a close relation between F-theory vacua and 
some type I string backgrounds. 

^ Only the cohomology class of the antisymmetric 2-form B^,^ has a physical meaning. Here 
uj denotes the Kahler class of the sphere. 
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The mechanism of restricting the moduh to a certain sub-locus appears to be very 
interesting. For example, we can turn on a flux B = (with k = 1,2), restricting the 
moduli space of elliptic K3 to ro(3) sub- loci (in this case the moduli space turns out to 
have dimension six). The other interesting possibilities are ro(4) or ro(6) monodromy 
groups. 

There is another interesting direction that is worth exploring - the relation with an 
M-theory compactified on a non-commutative torus []T^. Our proposal that the CHL 
string is dual to a F-theory with Bf^i, flux through seems to be closely related to the 
setup considered in [|1^ . According to [|1^ the positions of the 7-branes cease to commute 
in the presence of a B^^, background. It is possible that various puzzles raised in this paper 
can be resolved by using non-commutative geometry. 



2. Low dimensional cases: 7d, 6d 

Let us start first with a six dimensional compactification {d = 3) (for reveiw of low 
dimensional compactifications see |]TT[] and references therein). A simple generalization of 



the heterotic-type II duality implies that the CHL string is dual to the M theory on 

X^ = {K3xS')/{ax{-l)), (2.1) 

where a is an involution acting with eight fixed points on K3 and —1 is the half period 
shift on S^. The action of a x (—1) has no fixed points on K3 x and therefore the 
quotient X^j is smooth and can serve as a good gravitational background 0. The number 
of deformations of K3 invariant with respect to the involution a is equal to 12 (= number 
of hypermultiplets in 6d). This number can either be counted by using the supergravity 
technique or just by counting directly the invariant part of the K3 cohomology. The 
moduli space of this compactification coincides with the moduli space of the CHL string 
compactified on a 3-dimensional torus and is given by a coset space 

Md = r\ SO{12, 4) / (50(12) X SO(4)) , (2.2) 

where F is a certain discrete group. The perturbative type II A description of this com- 
pactification is rather obscure because the manifold cannot be treated as an bundle 
over the quotient K3/a: the radius of the would-be fiber is not constant over K3/a 
since it jumps at the orbifold points. In the M-theory approach it is more natural to view 
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Xcr as a nontrivial i^3-bundle over 5"^ so that the hmit when the circle gets large can be 
described using adiabatic arguments. In the latter approach the singular quotient K3/a 
never appears. Still, for our 8- dimensional applications we will need to understand the 
behavior of various degenerations of this quotient. 

At the generic point of the moduli space ( p.2| ) the gauge symmetry is broken to 
Now let us discuss how the nonabelian gauge groups appear. In this compactification we 
will see both simply-laced (A-D-E) and non-simply-laced {B and C) gauge groups. Recall 
that a simply laced group appears in M-theory compactified on K3 whenever there is a 
singularity on K3 resulting from collapsing a collection of 2-cycles intersecting each other 
according to an A-D-E Dynkin diagram. To find the simply laced gauge groups in M- 
theory on X^r suppose that there is a singular point P on K3 not fixed by the involution 
a, so that cr(P) = P' . The point P' has to be singular also with the singularity of K3 
locally isomorphic to that at P. Considering X^r as a bundle over the large radius circle 
we see that each fiber has (at least) two singularities at P and P' exchanged by the 
monodromy around the circle. Using adiabatic arguments the readers can easily convince 
themselves that the resulting gauge group appearing in the compactification of M-theory 
on this bundle is simply laced level 2. This can also be recognized as a reformulation in 
the M-theory context of a statement in Polchinski-Chaudhuri 0. 

The mechanism responsible for the appearance of non-simply laced gauge groups is 
different. Let us first note that at special points in the moduli space the involution a has 
invariant spheres^. When such a sphere collapses to a point K3 develops an Ai singularity 
fixed by a. Each such sphere passes through exactly two fixed points. Contraction of any 
of these spheres leads to an enhanced gauge symmetry Sp{l) = SU{2). This construction 
can be immediately generalized in order to get Spin) gauge groups. Consider a collection 
of 2n-f 1 vanishing spheres intersecting according A2n+i Dynkin diagram. This sublattice 
^2n+i C H^{K3,Z) maps on itself under the involution a in such a way that two 
sublattices {Si} and {S^+i^i} (where i = 1, . . . ,n) are permuted 

Si ^ > S2n+2-i (2-3) 

keeping the middle sphere S^^i invariant (see Fig.l). 

^ The existence of such spheres is a non-trivial condition on which will be automatically 
satisfied for the F-theory compactifications dual to a CHL string. See the discussion in Sections 3, 
4 for an explanation. 
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Fig. 1 

One can immediately recognize that the involution cr acts by an external automorphism of 
A2n+i Dynkin diagram. This involution basically folds the Dynkin diagram on itself. The 
Spin) gauge symmetry appears after contraction of the diagram. 

To make the discussion more concrete we will use a particular family of elliptic K?> 
with Weierstrass representation given by 

y"" = x^ + xh{z)+gi2{z) , (2.4) 

where fs{z) and (712 (^) are polynomials on the base satisfying the relation fs{)-/z) = 
fsiz) and z^'^ §12(1 / z) = gi2{z). One can immediately verify that ( p^) is a 10 dimensional 
family of K3's. The involution a acts on ( |2.4| ) in a very simple way: y — > —y and z ^ 1/z. 

The fixed points of a are located in two fibers projecting to z = ±1 on the base. 
The quotient K3/a does not have a Weierstrass representation, but it is still an elliptic 
fibration with two D4 fibers where the double sphere is the image of the elliptic fiber of 
K3. 

In this model one can easily understand what happens when an invariant sphere for 
a appears. To obtain this situation let us choose / and g such that there is an I2 singular 
fiber at 2; = 1. Then on the quotient the fiber is /j^. Similarly, whenever the fiber at ^ = 1 
is l2n (the index can only be even because of Z2 invariance), the fiber on the quotient is /*. 
The cycles in /* represent the affine Dynikin diagram -Dn+4: the four terminal points of 
the graph represent the four orbifold points, the two cycles immediately adjacent to them 
are the ones left invariant by a upstairs and the n — 1 cycles in the middle are images of 
2(n — 1) cycles upstairs (see Fig. 2). 
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Fig. 2. -D4+n singularity, four terminal cycles represent the orbifold points. 

The cycles upstairs represent the A2n-i affine Dynkin diagram. The involution folds this 
diagram on itself keeping two opposite cycles fixed and attaches to each invariant cycle two 
more cycles. The singularity which corresponds to contraction of all these cycles except 
one is (Ai)"^ for n = 0, A3 x (Ai)^ for n = 1 and -Dn+2 x (^^)^ for n > 1. 

The following observation will be important for our discussion of 8-dimensional com- 
pactifications in the next section. From the point of view of the quotient K3/a the above 
situation looks as if two orbifold points and an singularity all collide at one point: 
notice that An x (Ai)"^ C -Dn+2, where the factor (Ai)^ describes the orbifold singularities. 
To summarize, the orbifold points do not lead to massless vector particles and in spite of 
the fact that the singularity on the quotient K3/a is -Dn+2 x (^i)^ the gauge group is 
Sp{n). 

In a similar fashion one can also explain the appearance of 5'0(2n+l) level 1. Consider 
the elliptic K3 with a degenerate fiber I4 located at 2; = 1 and a degenerate fiber I2 located 
at z = — 1. The zero section, which is invariant under a intersects one invariant sphere in 
both fibers (see Fig. 3). 




S 



O 

Fig. 3. The sphere marked by S represents a zero section. 

In turn, the invariant sphere in intersects two more spheres, which are permuted by 
a. All in all, there are five cycles representing a -D5 Dynkin diagram. The involution 
maps the diagram on itself resulting in B4 diagram. Contraction of all these spheres yields 
B4 = SO (9) gauge group. In order to get SO (7) one has to start with I4 singularity 
located either at z = 1 or 2 = —1. SO{9) is the maximal SO{2n + 1) gauge group that can 
appear in 7 dimensions. In 6 dimensions the maximal SO{2n + 1) gauge group is S'0(13). 
To see it one needs to adjust the radius of the circle S^ . 

To obtain compactifications dual to CHL string in 7d rather than in 6d we may use 
a trick due to Aspinwall and Schwarz [|12[. We assume that K3 is elliptic and consider 
the limit in which the Kahler class of the elliptic fiber tends to zero. This is the limit 
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in which one space dimension gets decompactified, as described in [12| in detail. The 
resulting 7d theory can be described as a F-theory compactification on the quotient space 
(K3 X S^)/{Z/2). The other way to obtain this result is to use the duality between F- 
theory on K3 and heterotic string on in 8 dimensions and compactify both theories 
on with Polchinsky-Chaudhuri twist. The discussion of gauge groups appearing in this 
compactification remains the same as in the six-dimensional case. 



3. F-theory with fluxes 

In this section we describe the F-theory compactification (in 8 dimensions) dual to 
the CHL string. Such F-theory compactifications were analyzed by Witten in in the 
limiting locus when the elliptic fibration becomes isotrivial (this limit was also discussed in 
0, fl^). We extend Witten' s description to the interior of the moduli space and confirm 
that even though the F-theory elliptic fibration is no longer isotrivial the essential features 
of Witten's description are retained. The extra structure of the compactification exploited 
here is dictated to us by the specialization of the usual Heterotic/F-theory duality to the 
CHL case. This transition is explained in detail in the next section. 

We will present strong evidence showing that CHL is dual to F-theory compactified 
on elliptic K3 with non-zero fiux of an antisymmetric field S^^, along the base sphere. 
According to the conventional wisdom, the single valued background of antisymmetric 2- 
forms (NS-NS and RR) contradicts the SL{2, Z) monodromy. Luckily, there is a way out of 
this contradiction when the monodromy group is smaller than SL{2, Z). The K3 surface on 
which our F-theory is compactified moves in a 10 dimensional family of elliptic fibrations 
with monodromy contained in the congruence subgroup ro(2). This monodromy group does 
allow (see Section 4.4 for more details) a non-zero value of the antisymmetric 2-form. Before 
we proceed let us make some comments about the S^i, backgrounds. The antisymmetric 
two form is defined modulo gauge transformations B ^ B + dA. Therefore, turning the 
B^i, background along the (the base of F-theory compactification) introduces only two 
new real parameters - the classes of B^^ = huj and B^^ = b'u. Both b and b' take values 
in S^. Moreover, the field strength H = dB is identically equal to zero for this background 
and therefore, locally one can gauge away the S^i^ field. This will become important in 
our further discussion. 
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The monodromy group ro(2) keeps one of the three half-periods invariant. For ex- 
ample, realizing ro(2) by SL[2, Z) matrices with even entries in the lower left corner we 

This is the reason why one can turn on an antisymmetric 2-form without ruining the F- 
theory structure, by setting 6 = 1/2 and b' = 0. Moreover, the non-zero B^^, background 
obstructs certain deformations of the elliptic K3, allowing only those compatible with ro(2) 
monodromy. 

The formulation of F-theory as type IIB string is sensitive only to the complex moduli 
of elliptic manifold and it does not care about the Kahler moduli. Therefore before going 
further we have to choose an appropriate model for elliptic K3 with ro(2) monodromy. 
Let us first describe a K3 which is the Weierstrass model of an elliptic fibration with ro(2) 
monodromy. ro(2) preserves one of the non-trivial spin structures (half-periods) of the 
fiber. That means that besides the always present section at infinity, the elliptic fibration 
has another global section given by that half-period. The appropriate Weierstrass form 
can be written as 

y"^ = {x - a4(z))(x^ -I- xa4{z) + bs{z)) , (3.2) 

where 04(2), bs{z) are two polynomials of degree 4 and 8 on the base of the elliptic fibration. 
It is the reducibility of the right hand side of (|3.2| ) that ensures the existence of the global 
section y = , x = 04. The Weierstrass equation (|3.2[) describes a 10 parameter family of 
elliptic K3 surfaces. The minimal resolution of all K3's in this family have eight singular 
fibers of Kodaira type I2 as can be easily seen from the discriminant 

A = (68 + 2al) 2(468 -al) (3.3) 

The zeroes of (feg + 2a|) determine the locations of eight I2 fibers. At the generic point 
in the moduli space such a K3 has eight Ai singularities localized on the extra section 
y = 0, X = a^. 

It turns out however that the moduli space of F-theory compact ificat ions correspond- 
ing to the CHL string is a finite cover of the moduli space of ro(2) Weierstrass models 
just described. Concretely in order to recover the dual CHL compactification from the 
Weierstrass model (|3.2|) one also needs to choose 4 of the eight points on the base at which 
the I2 fibers are located (see Section 4.4 for an explanation). With this extra data the 
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elliptic curve on which the dual CHL string is compactified is recovered as the double cover 
of branched at the 4 marked points and the twisted -Eg x Eg instanton of the CHL 
compactifi cation is encoded in the complex structure of the surface ( |3.2D . This situation 
is very different from the standard F-theory/Heterotic correspondence. In the later case 
the elliptic curve of Heterotic compactification (at least in the vicinity of Eg x E^ locus) 
was encoded in the elliptic fiber. 

Actually from the duality with the CHL string one canonically reconstructs (see Sec- 
tions 4.3 and 4.4) a slightly different birational model of ( |3.2| ) obtained as follows. The 
minimal resolution of ( |3.2| ) is a smooth elliptic K3 having eight I2 fibers and two sections 
arranged in such a way that at each I2 fiber the two sections pass trough two different 
components of the fiber. If we now contract the four components of ( |3.2| ) meeting the 
section y = 0, x = 04 at the four marked points on the base and contract the components 
meeting the section at infinity at the remaining 4 points we will get an elliptic K3 which 
also has eight Ai singularities and is the same as (|3.2| ) outside of the I2 fibers. In par- 
ticular this new K3 has the same j-function and the same monodromy as ( |3.2| ) but is not 
in Weierstrass form since each of the two sections now passes trough four of the singular 
points. 

To make a connection between this picture (in 8 dimensions) and the one given above 
in lower dimensions let us further compactify F-theory on an extra T^. As the result we 
get a 6-dimensional theory which can be interpreted as M-theory on K3 x /a, described 
in the previous section. Let us denote the quotient K3/a by X. As we already explained 
in the previous section X is a singular K3 surface. The surface X turns out to be quite 
remarkable. It admits several elliptic fibrations two of them being particularly important. 
One elliptic fibration is inherited from the K3 upstairs (the Weierstras model for the K3 
upstairs is given by (|3.2| )) and will be called the inherited elliptic fibration. In another 
elliptic fibration, to be called the ro(2) elliptic fibration, the monodromy group is ro(2) 
and there are two sections (the zero section and the section at infinity) with four Ai 
singularities on top of each. Thus the surface X is exactly the elliptic K3 we chose to 
compactify F-theory on. 
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Fig. 4. Two elliptic fibrations. 



The existence of two elliptic structures simplifies significantly the identification of the 
points on the moduli space corresponding to non-abelian gauge groups. Particularly useful 
is the following simple remark. Two sections with four Ai singularities in the fibration 
with To (2) are the fibers over the fixed points (z = ± in ( |2.4|) ) in the another fibration. 

Now we can turn to the discussion of gauge groups in the F-theory language. The 
CHL string has A-D-E level 2 as well as C„ = Sp{n) level 1 gauge groups i. In the F-theory 
without the fiux the gauge groups would appear at points in the moduli space where elliptic 
fibration develops a singularity in the elliptic fiber. In the presence of fiuxes the situation 
should becomes more involved. For example, Eq or Es degeneration of the elliptic fiber 
cannot appear in elliptic K3 with ro(2) monodromy. Still, we expect that these gauge 
groups appear in 8-dimensional compactifications of the CHL string. Moreover, we will 
see that in certain cases the presence of an I2 singularity does not necessarily lead to a 
SU{2) gauge group. It seems unlikely that these phenomena can be explained from the 
point of view of local D-brane physics in the presence of a B^^, field. Indeed, by choosing 
an appropriate gauge locally one can put the S^i, field equal to zero getting back the 
familiar D-brane picture. There is clearly a global obstruction of getting rid of i?^,^ field 
everywhere and therefore the absence of the enhanced gauge symmetry one naively expects 
is forced by the global topological properties of the compactificationS. As explained later, 
geometrically this is expressed in the relative position of the additional section and the 
singular fiber responsible for the appearance of the gauge symmetry. 

We suggest the following "strategy" to derive the gauge groups. As we have seen 
the K3 surface X has multiple personalities and disguises either as a space on which 

^ The maximal SO{2n + 1) gauge group that appear in 8 dimensions is S0{5) = Sp{2). 

Note that in general the global topology does not kill the observed gauge group completely 
but always reduces the naive gauge symmetry to a smaller one. 



9 



some F-theory with fluxes is compactified or as an object dual to the CHL string. This 
personahty disorder is encoded in the existence of the inherited and the ro(2)-eUiptic 
fibrations on X and so the idea is to compare the singularities that appear in these two 
elliptic fibrations. Clearly, a fiber singular in one of the fibrations does not necessarily 
correspond to a singular fiber in the other elliptic fibration. It may correspond to a 
collection of singular fibers connected by a section (or by sections). For simple gauge groups 
the corresponding singularities of the total space after the resolution can be localized on 
one singular fibers in each elliptic fibration. By the nature of the duality construction 
the CHL gauge groups can be detected by analyzing the singular fibers in the inherited 
elliptic fibration. For all gauge groups but the exceptional ones, the Dynkin diagram of the 
gauge group coincides with the common part of the singular fibers taken in both elliptic 
fibrations, with the cycles corresponding to the fixed points being dropped out. Therefore 
to see these groups in the F-theory with fliixes we need to translate (see Section 4.5) the 
singularities into collision patterns for the ro(2)-fibration. This can be done either directly 
on X or on its ro(2)-Weierstrass model w :Y ^ P^. In the latter case however we need 
to remember the extra data of splitting the eight I2 fibers into two groups of four I2 fibers 
each. 

For example, if a Kodaira fiber of affine A-D-E type appears in the inherited elliptic 
fibration in a way that does not involve collision with the two 1)4 fibers, then when viewed 
in the ro(2)-elliptic fibration this fiber gives rise to the condition for the appearance of 
an A-D-E gauge group of level 2. In order to get the Sp{n) level 1 gauge groups one has 
to start with 7„ colliding with one of the D4 fibers. As the result we get the following 
"dictionary" . 

3.1. Sp{n) gauge groups 

The Sp{n) gauge groups appear as the result of collision of two I2 fibers from the same 
section and nli fibers for n > 1. In terms of the Weierstrass model Y this just means that 
the two colliding I2 fibers belong to the same group of four. 

The case 5^(1) = SU{2) is special and this gauge group appears when just two I2 
fibers collide with each other. For every n > 1 the collision 2/2 -|- nli produces a -Dn+2 
singular fiber in the ro(2)-fibration tt : X ^ on the minimal resolution of X. The 
corresponding singularity of X (or of the Weierstrass model Y) is obtained by all cycles in 
Dn+2 which do not meet the zero section of Y. This cycles form an ordinary Dn+2 Dynkin 
diagram and the two cycles on the tail of this Dn+2 correspond to two of the branch points 
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of the covering S ^ X. The other n represent the roots of Sp{n). The maximal rank that 
can be obtained this way is 8. StiU, in CHL string one can get get 5*^(9) and ^^^(lO). In 
this case the monodromy group further reduces to r(2) G ro(2). 



3.2. SU{n) 

CoUision of n fibers of type Ii among themselves leads to a SU (n) gauge group. The 
maximal rank that can be obtained in this way is 8. 

3.3. SO{2n) gauge groups 

The SO{2n) gauge groups appear as the result of collision of two I2 fibers from different 
sections and nli fibers for n > 1. In the Weiersrass model this just corresponds to the 
collision of two I2 fibers belonging to two different groups of four. The maximal gauge 
group that appears this way is 5*0(16). 

3.4. Exceptional gauge groups (Eq, E^, Es) 

The exceptional groups of the E^ series appear when a number of Ii fibers in the ro(2)- 
fibration collide in such a way that the monodromy reduces to the subgroup r(2) C ro(2) 
which preserves all points of order twoi. Concretely this means that the bisection C C X 
splits into two sections. In the Weierstrass model Y given by ( |3.2|) the curve C is given 
by the equation y = = x"" + a4{z)x + bgiz) and so the r(2) degeneration occurs exactly 
when + a4^{z)x + bs{z) decomposes as x'^ + a4{z)x + bs{z) = {x — p{z)){x — q{z)) with 
p{z), q{z) - general polynomials of degree four on P^. 

After tracing (see Section 4.5 for details) the correspondence between the singular 
fiber in the two elliptic fibrations one sees that the exceptional gauge groups appear as 
follows: 

Eq: Corresponds to a r(2)-collision of six fibers of type Ii in the ro(2) elliptic fibration. 

Ef. Can be obtained in two ways. Either as a r(2)-collision of eight fibers of type Ii in 
the To (2) elliptic fibration or as a r(2)-collision of six Ii fibers with two I2 fibers coming 
from the two different sections in the ro(2) fibration. 

Eg: Corresponds to a r(2)-collision of eight Ii fibers with two I2 fibers coming from the 
two different sections in the ro(2) fibration. 



Explicitly r(2) = <! ( " ^ ) e SL{2, Z] 



a,d — odd, b,c — even 
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Furthermore, it turns out (see Section 4.5) that the two mechanisms of Ej creation 
described above are not deformable to each within the locus of deformations of X preserving 
the r(2) monodromy. On the other hand the mechanism of crating Eq deforms further 
to Ej coming from a r(2)-colhsion of 8/1 and the occurrence of E-j as a r(2)-coUision of 
6/1 + 2/2 admits a further r(2) degeneration to the creation of Eg. 

The two ways of creating E^ can be deformed to each other by keeping both an E^ fiber 
in the inherited eUiptic fibration and a ro(2) monodromy. The intermediate ro(2) surfaces 
however are singular in codimension one and for them the j-invariant of the ro(2)-fibration 
becomes identically 00. 

3.5. Other collisions 

Other collisions usually correspond to products of gauge groups. For example the 
singularity 8/2 + nli gives rise to the Sp(n) x Sp{l) gauge groups for 71 > 2 and (^^^(l))^ 
gauge group for n = 0. The series AI2 + nli corresponds to Spin) x [Sp{l)Y for n > 2 
and {Sp{l)Y for n = 0. 

Remark. The A-D-C groups of ranks bigger than eight should appear in a way similar to 
the creation of the exceptional gauge symmetries. In other words one expects higher rank 
A-D-C's when the monodromy group drops to some finite index subgroup in ro(2). 



4. Justification of the CHL/F-theory duality 

In this section we transplant the usual duality mechanism relating F-theory and the 
Heterotic string to the situation of the CHL/F-theory correspondence. For the convenience 
of the reader and to set up notation the relevant parts of the Heterotic/F-theory duality 



(see , [jT5| , and [|T3 for more details) are reviewed in the Appendix. 



4.1. The on-the-nose correspondence 

The CHL string can be obtained from the -Eg x E^ Heterotic string by a certain Z/2 
quotient. The CHL involution acts by a half period shift on the torus and permutes the 
two i?8. Clearly this involution acts trivially on r and p (complex and Kahler strictures 
of T^) and so the moduli space of vacua for CHL compactified on can be naturally 
identified 0] with the locally symmetric space 

0(2, 10; Z)\C>(2, 10; R)/(0(2; R) x 0(10; R)) . (4.1) 
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Intrinsically the relation of ( [4.1| ) with (5.1) can be described as follows. First use the 
Narain construction to write (5.1) in a more precise form, namely as the double coset 
space 

0(Nar)\0(Nar ® R)/K 

wher(Ji Nar := U © U © Es © Eg is the Narain lattice and K C 0(Nar (g) R) is a 
maximal compact subgroup. As usual the U © U part of the Narain lattice is identi- 
fiedB with H'^{T'^,Z) © H'^{T'^,Z). The CHL involution which acts as a translation by 
a half period on the torus and is homotopic to the identity and so induces the iden- 
tity on cohomology. Thus the CHL involution i : Nar Nar is given explicitly by 
i(wi, W2; ^") = (wi, 112; ^"5 ^')- From that viewpoint the space ( ^l.lj ) is naturally written 
as 0(Nar^*^)\0((Nar © R)^*^)/(maximal compact) with Nar^*^ being the sublattice of 
i-invariants. From the exact form of i one easily sees that! Nar ^ U © U © Eg (2) which 
suggests that the dual F-theory should be compactified on a K3 surfaced whose transcen- 
dental lattice is at least isogenous to U © U © E8(2). In fact there is a well understood 
T^ , Example 9.1 and fl^) moduli space of lattice polarized K3's with this property 



see 



- the moduli space of K3 surfaces which are universal covers of Enriques surfaces. 

Recall that an Enriques surface is a complex surface F with H^{F,Q^) = 
H^iF.nj^) = but for which Kf^ = (Of,)®^ = Op- The unramified double cov- 
ering p : S ^ F corresponding to the 2-torsion line bundle Kp has trivial canoni- 
cal class and no holomorphic one forms and is thus a K3 surface. Let e : S ^ S 
be the fixed point free involution acting along the fibers of p. The second cohomol- 
ogy group if^(F, Z) is isomorphic to U © Eg. The puUback map gives an inclusion 
p* : if^(F, Z) /torsion H'^{S,7i) of free abelian groups but since p is two-sheeted we 
get an isomorphism of Eucledian lattices H^{S, Z)<^> = p*H^{F, Z) ^ U(2) ©E8(2) =: M. 
One can check that Pic(F) = if^(F, Z) and that for the generic F all algebraic cy- 
cles on S are puUback from cycles on F. In this way S acquires a canonical structure 



^ Here U denotes the two dimensional hyperbolic lattice and Eg denotes the root lattice of the 
group Eg. 

^ Since the pair (r, p) intrinsically lives in {H'^{T'^, Z) //"^(r^ Z)) (g) R 

^ As usual given an Eucledian lattice L and an integer m we denote by L(m) the lattice 
isomorphic to L as a free abelian group but whose bilinear pairing is m times the pairing of L. 

^ See the Appendix of how moduh spaces of lattice polarized K3 surfaces naturally appear in 
the context of F-theory. 
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of U(2) © E8(2)-polarized K3 surface. It can be shown [T^ that we can choose a mark- 
ing H'^{S,Z) = U © U © U © Eg © Eg =: A so that the Enriques involution e acts as 
e(wi, W2, Us; = (— wi, W3, ^2; ^')- particular the transcendental lattice of a gen- 

eral S will be isomorphic to A^^^"''^'^^^ = U©U(2) ©E8(2) and hence the moduli space of all 
S"s will be isomorphic^ to 0(rM)\0(A^^s"(<^)) ® R)/(maximal compact). Up to isogeny 
this space is isomorphic to (|4.1|) and this identification provides the first approximation to 
the F-theory-CHL duality. 

4-2. The correspondence in the stable limit 

To reconfirm that the F-theory compactifications described in the previous subsection 
are indeed dual to the CHL string it is instructive to examine the above correspondence in 
the stable limit where the complexified Kahler class of the CHL is allowed to become 
infinitely large. 

Similarly to the ordinary F-theory /Heterotic duality (see the Appendix) in this regime 
the vacua for both the CHL string and the F-theory can be encoded entirely in algebraic- 
geometric objects. For the CHL string we have: 

(a) An elliptic curve E with a marked origin (= the torus taken with the complex 
structure r). 

(b) A point of order two a E E {so that translation ta ■ E ^ E hj a corresponds to the 
action of the CHL involution on T^). We denote the quotient elliptic curve E / (ta) by Z 
and the natural projection E ^ Z hy q^- 

(c) An a-twisted E^ x E^ principal bundle V ^ Z. 

To explain the notion of an ct-twisting start by recalling that a principal G-bundle on 
a variety S is a variety P equipped with a locally trivial fibration f : P —>■ B and a right 
action P x G —>■ P such that for every b E B the action on the fiber P^ x G ^ Pi, is simply 
transitive. In exactly the same way we can start not with a group G but with a twisted 
form of G, i.e. a bundle of groups Q ^ B which on small open sets U d B is isomorphic 
to the product ol G xU . Now a principal Q bundle (or ^-torsors) will be just a variety P 
equipped with a locally trivial fibration f : P ^ B and an action P xQ ^ P which is fiber- 
wise simply transitive. In the concrete situation above one considers the bundle of groups 
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See the discussion in the Appendix. 
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Eg ^ Z defined as the push-forward qa*Eg of the trivial bundle of groups Eg = E x Es 
on E. The fiber of Eg over a point z e Z is isomorphic to the product of two copies of the 
group Eg labeled by the two points in the fiber q~^{z) C E. 

According to our on-the-nose correspondence and the usual F-theory/Heterotic duality 
the data (a) , (b) and (c) will have to correspond to a stable degeneration of a K3 cover of 
an Enriques surface. In order to describe this degeneration we will have to view the data 
(a), (b) and (c) as a data describing an ordinary Heterotic string in 8 dimensions. To do 
that we have to recast the a-twisted principal bundle V as an object on E. For this we just 
pull V back via the covering map : E ^ Z . By definition q^V will be a principal bundle 
over q^Sg = x E^, i.e. an ordinary Eg x Eg bundle on E. Furthermore t*^q^V = g*]/ 
by construction and so q'^V = x t* VF for some i^g-bundle W on E. Conversely given 
an i?8-bundle W ^ E we can define V ^ q^^W ^ {qc.*{W x To summarize: 

the CHL data (a), (b), (c) on Z is equivalent to the Heterotic string data consisting of E, 
the involution ta '■ E ^ E and an £"8 bundle W on E. By what we have just said the 
Eg x £^8 bundle on E that one gets in this way is just the bundle W x t^^W. Therefore, 
as explained in the Appendix, the stable degeneration of the K3 corresponding to E and 
W X t^^W will have to be a union of two rational elliptic surfaces (with sections) S' and 
S" intersecting transversally along a copy of E sitting in each of them as an anticanonical 
section. The only new feature in this picture is that since the two bundles W and t^^W 
are isomorphic the two rational elliptic surfaces S' and S" will have to be isomorphic 
to the rational elliptic surface J coming from the Eg del Pezzo corresponding to W. In 
this setting the stable degeneration consists of two copies of J which are identified along 
E sitting inside each of them only the gluing map is not the identity on E but rather 
the automorphism ta : E ^ E. We will denote the resulting normal crossing surface by 
J YIe ta ^ ■ construction J JJ^ J has a fixed point free involution which interchanges 
the two copies of J and acts as ta on the common curve E. 

4-3. The quotient model 

If one thinks heuristically about the CHL string as a Heterotic string with involu- 
tion one expects that the duality should produce an F-theory compactified on a K3 with 
involution. Both on-the-nose correspondence and its stable limit have this property but 
nevertheless the duality they produce is not completely satisfactory. One way to see that 
is to observe that if the pair {S, e) is to correspond to the CHL string, then the correspond- 
ing F-theory will have to be compactified on the variety S/{e). This however immediately 
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runs into a problem since S/ (e) is an Enriques surface and hence cannot be Ricci flat. 
This seeming contradiction is resolved if we go back and carefully compare the action 
of the Enriques involution e and the CHL involution i on the Narain lattice Nar C A. 
Recall that (up to a rescaling by 2 on the second factor) we identifled the CHL lattice 
Nar^'^ = U © U © £3(2) with the transcendental lattice U © U(2) © E8(2) of S which in 
turn is identifled with the lattice of anti-invariants of e acting on A. In particular, we see 
that the action of i on the Narain lattice matcheJiil the action of the involution — e (rather 
than that of e). Therefore if we want to identify the action of the CHL involution on the 
F-theory side we need to flnd a geometric realization of the involution — e, that is we need 
to flnd an involution a : S ^ S which on the Narain part of the cohomology of S induces 
exactlylll the involution — e. 

This can be easily done if we remember that by virtue of the Heterotic/F-theory 
duality the surface S comes equipped with an elliptic flbration with a section. Let inv 
denote the involution on S which acts as inversion along the elliptic flbers. We will see 
that inv and e commute as automorphisms of S and that the composition a := invoe acts 
as — e on the Narain lattice Nar C A. 

The key is understanding the relationship of a and the Enriques surface F = S/{e). 
Since the elliptic flbration structure on S induces an elliptic flbration a : F ^ on F 
one can change the viewpoint and consider both S and a as attributes of F and its elliptic 
flbration structure. For this we will need some preliminaries on the moduli space of elliptic 
Enriques surfaces. 

It is well known (see [|2l|, [|2^, Chapter V or ||2^], Section 4.5) that every Enriques 
surface admits an elliptic pencil. Since the general Enriques surface has an inflnite auto- 
morphism group (see |^^) this implies that the general Enriques surface admits inflnitely 
many elliptic structure. However only flnitely manyEl of those are inequivalent modulo 
automorphisms and so the moduli space of elliptic Enriques surfaces is just a flnite cover 
of the moduli of Enriques surfaces. Every elliptic flbration a : F ^ on an Enriques 
surface F has exactly two multiplelll flbers (see e.g. Section 4.5). In particular a 



After embedding Nar C A as {u,v,^',^") 1-^ {u,v, -v,^' ,^"). 
Up to a choice of marking. 
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527 to be precise - see [|3| . 
Recall that a flbration / : S ^ of a smooth variety S over a curve B is said to have an 
m-tuple fiber at a point b (£ B if the pullback f*u of a local coordinate n at 6 vanishes to order 
m at every point of f^^{b). 
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cannot have a section but it is known that a admits a 2-section of arithmetic genus or 
1. The relative Jacobian : J°(F/pi) of a is an eUiptic surface with a section and 



twelve /i-fibers, i.e. a rational elliptic surface A remarkable construction of Kodaira 
- the so called logarithmic transform^ - allows one to reconstruct F from J°(F/P^) and a 
little bit of extra data. In this case the extra data needed is a choice of two smooth elliptic 
fibers of the rational elliptic surface J^{F/P^) and a choice of a point of order two on each 
of them. To summarize - the moduli space of elliptic Enriques surfaces can be identified 
with the moduli space of triples (J, ai), (i?2, 0:2)) where J is a rational elliptic surface, 
El and E2 are two anticanonical curves on J with marked origin and and ai G Ei[2] are 
points of order two. Since every rational elliptic surface is the blow-up of P^ in the nine 
intersection points of two cubic curves, we obtain an equivalent description of the moduli 
space as the space parameterizing pairs of plane cubics with a choice of a point of order 
two on each of them. The rational elliptic surface J corresponding to F is exactly the 
one appearing in the stable degeneration of S and pair {E, a) appearing in the CHL data 
determining F is isomorphic to one of the two pairs (i^i, cti), (-E2, 0(2)- Thus the moduli 
of CHL data is actually isomorphic to the moduli space of elliptic Enriques surfaces with 
a marked double fiber. 

With this in mind we can now go back and reexamine the involution a : S —>■ S. 
The data of F and its elliptic fibration a : F ^ determines two points on the base 
P^ - namely the points where the double fibers of a sit. For i? = P^-^P^- the double 
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The logarithmic transform is a general procedure which produces multiple fibers in elliptic 



fibrations. Here is a brief description of how the logarithmic transform works (see [22| for more 
details). Start with an elliptic surface f : T, ^ B, a point b € B and a non-trivial m-torsion point 
ab S Sfc. The existence of ab implies that Sf, has a non-trivial fundamental group, i.e. that Eb is 
of type Ik, k >0. For simplicity we assume that k = 0, i.e. that is a smooth elliptic curve. If 
6 G A C i3 is a small analytic disk, then E|a ^ A is a topologically trivial elliptic fibration since 
A is simply connected. In particular the cover of m-torsion points splits over A and so there is a 
unique analytic section a : A ^ E|a of m-torsion points passing trough ab- Let pm ■ A^ A 
be the degree m cyclic cover of A branched at b. The multiplication by an m-th root of unity 
on Am lifts to an automorphism (f) : PmiJ^iA) Pm(S|A) (of order m). The translation t by 
the (pull-back) of the section a is also an automorphism of order m of Pmi'^\A) and the quotient 
(Pm(5^|A))/ (0 o i) is an analytic surface isomorphic to E|a over the punctured disk A — {6} and 
having an m-tuple fiber at b. By gluing back this quotient to S — E^ one obtains a new complex 
surface Log(E, b, ab) which is analytically isomorphic to E over B — {6} and has a multiple fiber 
at b. 
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cover branched at those two points we can form the fiber product F Xj>i B which is not 
normal afong the curves over the two marked points. The normalization {F Xpi is 
a smooth non-ramified double cover of F which is easily seen to be irreducible and so 
coincides with S. If a; e is a point different from the two marked points the preimage 
of a; in 5 consists of two points b' and b" and the preimage of a; in S' consists of two copies 
E' and E" of the fiber F^. The Enriques involution e acts by interchanging E' and E" 
and the inversion acts on E' and E" separately. In particular e and inv commute outside 
of the preimages of the double fibers and since these are global automorphisms they must 
commute everywhere. This implies that a = eo inv = inv o e is an involution on 5" and by 
the description just given we see that a acts without fixed points outside of the preimages 
of the two double fibers in F. Furthermore the action of a leaves each of the two preimages 
of the double fibers and has for fixed points on each of them. To understand what the 
quotient X S/{a) looks like note that since both e and inv act as multiplication by 
— 1 on the holomorphic symplectic form Q on S, the composition a will leave Q invariant 
and so X will be a K3 surface with 8 singularities of type Ai. Moreover since the elliptic 
fibration on S has a section one knows that the quotient 5'/ (inv) is isomorphic to the 
Hirzebruch surface F4. This implies that the sublattice of invariants H'^{S, Z)^'"'^^ can be 
identified with the pull-back of the second cohomology of F4 and is hence coincides with 
the sublattice U C H'^{S, Z) spanned by the elliptic fiber and the section. In particular inv 
acts as multiplication by —1 on the transcendental lattice of S and therefore a = eo inv 
acts as — e on the Narain part of the cohomology of S. 

As explained in the beginning of the subsection this is exactly the condition that an 
involution on S should satisfy in order to match the CHL involution. Thus the F-theory 
corresponding to the CHL string is naturally compactified on the K3 surface X — S/{a). 
The CHL lattice Nar^*^ = U © U © Eg appears in this context as the intersection of 
the invariants of the a action on H'^^S, Z) and the transcendental lattice of S. In other 
words the CHL latice becomes exactly the (pull-back to S) of the transcendental lattice 
of X. Alternatively we may blow up the eight Ai singularities of X to obtain a smooth 
K3 surface X whose Picard lattice contains the even non-degenerate lattice N of signature 
(1,9). Explicitly the elliptic fibration on S descends to an elliptic fibration on p : X ^ 
with two special fibers which are double P^'s each carrying four of the eight singular 
points. The elliptic fibration p does not have a section but has a double section and so the 
elliptically fibered KB surface p : X — > P^ has two fibers of type Iq (=.04) and a double 
section intersecting the double component of each Iq fiber at one point. Therefore the 
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lattice C Pic(X) is generated by the ten components of the two Iq fibers and the double 
section of p. In this way the moduli space of F-theory compactifications dual to the CHL 
string becomes naturally isomorphic to the moduli space of all A^-polarized K3 surfaces or 
equivalently to the moduli space of all elliptic K3 surfaces with two /g fibers and a double 
section which recovers Witten's description from 0]. 

To justify the last identification we have to exhibit a way of reconstructing S from the 
surface X. To do that consider the resolved model p : X ^ and let pi,p2 G be the 
two points over which we have the two Iq fibers. The fibers over the p^'s can be written as 

Xp^=2f, + e}+e^^+el+et, i = 1,2 (4.2) 

where /i,/2 and e;^, i = 1,2, j = 1,2,3,4 are smooth —2 curves and the e^'s contract to 
the eight singular points of X. Consider the line bundle L = C'x(X]t=i(^i + ^2)) 



By (pD we have L = O ^{X^^ + X^^ - 2/i - 2/2) = p*Opi(2) ® Oj^{-2fi - 2/2) and so 
L has a unique square root equal to p*Opi{l) 0^{—fi — /2). Due to this there exists 
a unique double cover S ^ X which is simply branched exactly at the eight curves e;^. 
The ramification divisor of the cover S ^ X consists of eight smooth rational curves 
mapping isomorphically to the branch curves . Since the 's are part of the ramification 
divisor we have (2e^)^ = 2(e'^)^ = —4 and hence (e^)^ = —1 for all Therefore we can 
contract all of the e^'s to obtain a smooth K3 surface S. 

Remark The Enriques surface F played an auxiliary role in the duality construction above 
and will not appear in our considerations from now on. It is worth mentioning however 
that by replacing the Enriques involution e by the involution a one introduces a finite 
ambiguity. More precisely, the moduli space of pairs (5", e) is a finite cover of the moduli 
space of pairs {S, a). Indeed - to reconstruct a pair {S, e) from a pair (5", a) one needs also 
to specify points of order two along the two cr-invariant fibers of the Weierstrass elliptic 
fibration on S. 

4.4- The ro{2)-model 

As we have just seen the F-theory dual to the CHL string lives naturally on an elliptic 
K3 surface X of a special kind. The description we have obtained however is still not 
completely satisfactory since as we saw the elliptic fibration structure p : X —>■ that X 
inherits from the duality with the CHL string does not admit a section but only a double 
section. This causes a problem since in view of the duality with the IIB string the F-theory 



19 



moduli should all be encoded into data living entirely on the base of the elliptic fibration, 
i.e. the F-theory should be compactified on a Weierstrass elliptic fibration. One can try to 
remedy the lack of section for p : X ^ hj replacing X by its (basic) relative Jacobian 
fibrationEl J^{X/P^) which always has a Weierstrass form and so is encoded into 

geometric data on only. This is not a big sacrifice to make since X is always algebraic 
and so according to Kodaira's (see [^) and Ogg-Shafarevich's (see , Section V.3) 
theory the surface X is determined by the surface J^{X/P^) up to finite data. On the 
other hand if the deformation theory of the surface X is governed by a Weierstrass eqution 
only we should be seen an 18 dimensional moduli space rather than a 10 dimensional one 
since there is no obstruction to deforming a K3 surface in Weierstrass form away from 
the locus of elliptic fibrations having two Iq fibers. Therefore it is necessary to find a 
mechanism that is intrinsic to F-theory that will allow the confinement of the moduli of 
the elliptic fibration to the subfamily we get trough the duality with the CHL string. 

One instance in which this will necessarily happen is if there is an additional field in 
F-theory whose deformations are obstructed in the full moduli of elliptic K3 surfaces. The 
only field which is intrinsically present in the F-theory and which has been set to equal zero 
in order for the full F-theory/Heterotic duality to work is the skew-symmetric B-field on 
the base of the F-theory compactification. So it is reasonable to expect that in a consistent 
realization of the F-theory vacua on X one will have to describe not only the dilaton-axion 
fields but also a B-field which constrains the deformations of the compactification. To that 
end we examine how the presence of a non-trivial B-field is encoded in the geometry of an 
F-theory compactification. 

Let a : CY — be an elliptically fibered Calabi-Yau manifold on which F-theory 
is compactified. Fix a point o ^ S" := S \ Discriminant in the complement of the dis- 
criminant of a. Let E = a~^{o) be the fiber of a over o and let mon : 7ri(5'°,o) —>■ 
SL{2,Z) C GL{H^{E,Z)) be the monodromy representation of the family X S". 
The data describing a B-field in the F-theory consists of a complex multivalued 2-form 
C on 5"° which satisfies: (i) ( becomes single valued modulo the translation action of the 
lattice H^{E,Z); (ii) the pair (C, Q transforms according to the monodromy representa- 
tion mon. In coordinate-free terms ( should be viewed as a multivalued 2-form on S" 
with coefficients in the complex vector space H^'^{E) = H^{E,Oe) for which: (i) ( is 
single valued modulo the translation action of the lattice H^{E,Z) C H^{E,Oe)] (ii) 

Which turns out to be a K3 surface as weh. 
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(CO e H^'^{E) © H^^^{E) = H^{E,C) is invariant under the action of mon(7ri(^'', o)). 
Since only the cohomology class of these 2-forms on 5" is visible by the physics, after 
fixing a basis in H'^{S,C) we can view the components of ( as real multisections in 
R^a^C ® H'^{S,C) which are horizontal (w.r.t. the Gauss-Manin connection) and be- 
come single valued modulo the action of R^a^Z C R^a^C. This implies in particular that 
when projected to R^a^Ox /R^a^^Z C CY each component of ( becomes a holomorphic 
(single valued) section of the elliptic fibration a : CY — > S which is horizontal^ for the 
Gauss-Manin connection on the family of elliptic curves CY^go S°. Conversely, any such 
section of a will determine the component of a B-field. 

The situation simplifies somewhat if we are in the case where h'^{S,C) = 1. In 
this case the B-field ( itself is realized as a holomorphic section of a : CY S which 
is Gauss-Manin horizontal. If the Calabi-Yau manifold CY is general in the sense that 
mon(7ri(5', o)) = SL{2, Z), then the only such section will be the zero section of the elliptic 
fibration. So generically the B-field will be zero. Moreover it is not hard to see that the only 
horizontal sections for the Gauss-Manin connection will have to be sections representing 
torsion points on the elliptic fiber. Thus the only situations when one can turn-on the 
B-field in the F-theory compactified on CY is when the monodromy group mon(7ri(5', o)) 
preserves some vector in ^H^[E, Z) C H^{E, Q), i.e. when mon(7ri(5', o)) is contained in 
some congruence subgroup of level n. 

Going back to the compactification on the special K3 surface X one can observe that 
the inherited elliptic fibration p : X ^Y*^ will have general monodromy and so one cannot 
turn on the B-field neither for the fibration on X nor for the fibration on J°(X/P^). 
Therefore, in order to obtain a consistent description for the F-theory vacua on X we are 
forced to look for a different elliptic structure on X which has monodromy contained in 
a congruence subgroup. We find a natural elliptic structiire tt : X ^ like that which 
turns out to have monodromy contained in the congruence subgroup ro(2). This means 
that TT admits a section consisting of 2-torsion points or equivalently that the F-theory 
compactified on X with the elliptic fibration tt admits a non-trivial B-field corresponding 
to 1/2 the Fubini-Studi form on P^. As a consistency check we study the moduli space of 
deformations of this elliptic fibration that preserve the B-field and show that it is isogeneous 
to the moduli space of X considered as a A^-polarized K3 surface. Further evidence for the 
relevance of the ro(2) fibration was provided in Section 3 where we describe an effective 



17 



Or in other words is a locally constant normal function in the sense of [25|. 
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mechanism allowing one to read the spectrum of gauge groups for the CHL string in terms 
of the elliptic fibration tt. 

The construction of the fibration n : X ^ or equivalently its lift n : X ^ to 
the resolution of X is based on a specific projective model of X which we explore next. 

We have already seen one explicit model of S and X in Section 2. There S was given 
in its Weierstrass form (|2.4|) and X was described as the quotient of S by the involution 
a{x,y : z) = (x, —y; 1/z). The elliptic fibration on S descends through this construction 
to the inherited elliptic fibration p : X ^ P^. To obtain the ro(2) elliptic fibration 
Tf : X P^ we will construct X in a different way - namely as a double cover of the 
Hirzebruch surface Q := Fq = x P^. It is well known that all Enriques surfaces can be 
realized as double covers of Q [|2^This suggests that the surfaces X can also be realized 
as double covers of quadrics which is indeed the case. 

In order for a double cover of Q to be a K3 surface it has to be branched along a 
curve of type (4,4), i.e. along the divisor of a section in the line bundle (9g(4, 4). Every 
such cover will have two natural elliptic fibrations corresponding to the two rulings of 
the quadric Q, that is to the projections qi : Q P^ and ^2 : Q ^ P^ to the two 
factors of Q. If we want to have two Iq fibers in say the fibration corresponding to qi 
we are necessarily forced to consider only double covers of Q branched along curves of 
the form ri U r2 U C where the r^'s are two fibers of qi and C belongs to the linear 
system Oq{2,4). The number of moduli of such K3's is easily seen to be 10 since we 
have dimP(if°(Q,gi*Cpi(2))) = dimP(ifO(P\ Opi (2))) = 2 parameters in the r,'s and 
dimP(iyO(Q,CQ(2,4))) = dimP(ifO(pi,Cpi(2)) ® ifO(pi,Cpi(4))) = 3 ■ 5 - 1 = 14 
parameters in the curves C and we also have the 6 dimensional group of automorphisms of 
Q. Due to this the moduli space of A^-polarized K3 surfaces X is isomorphic to the moduli 
space of double covers of Q branched along curves of the form ri + r2 + C and so each X 
has a second elliptic fibration tt : X — > P^ corresponding to the projection ^2 : Q P^- 

The elliptic fibration n has two sections /i and /2, each corresponding to the double 
component of the two Iq fibers in the elliptic fibration p. Each of the /^'s passes trough 
four of the Ai singularities of X as seen on Figure 4. On the resolved surface X then one 
sees that the elliptic fibration n : X ^ P^ has eight fibers of type I2 and two sections 
arranged in such a way that at each I2 fiber the two sections pass trough two different 
components of the fiber. It is not hard now to obtain a representation of the moduli 
space of X's as a Weirestrass family - namely we can declare the section fi to be the zero 
section and contract the components in the I2 fibers not meeting it. The resulting surface 
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Y will be an elliptic K3 surface with two sections and eight Ai singularities sitting on 
one of them. Moreover if we examine what this operation does to the realization of X as 
a double cover of the quadric Q we see that the passage from X to y just amounts to 
performing 4 elementary modifications of Q at the four points of intersection of ri and 
C. In other words on Q we will have to blow up the four points {xi, X2, X3, X4} = C Hri 
and then contract the (3'2-fibers q2^{Q2{xi)),q2^{q2{x2)),q2^{Q2{xs)),q2^{q2{x4)) passing 
trough these points. Since each elementary modification like that increases the index of the 
Hirzebruch surface by one at the end of the day we will get a realization of y as a double 
cover of the Hirzebruch surface F4. In particular the K3 surface y is in a Weierstrass form 
so that the section fi sits over the section at infinitylli in F4 and is thus interpretted as 
the zero section of the elliptic fibration w : Y ^ . The curve of points of order two for 
w is then naturally identified with the ramification divisor of the double cover y ^ Fi 
and consequently coincides with the (proper transform) of the curve /i U /2 U C. Due to 
this we conclude that both w : Y ^ and n : X ^ P^ have monodromy contained in 
To (2) and so the second section /2 of w should be viewed as the B- field for the F-theory 
compactificationlll. 

Finally we describe the deformations of the Weierstrass fibration w : Y ^ P^ in which 
the second section /2 survives. For that one just needs to observe that all such deformations 
are coming as double covers of F4 branched along a curve of the form + cq + C where 
Coo is the infinity section of F4, cq is a section in Cpi(4) C P(Cpi © Cpi(4)) and C is a 
curve in the linear system |2eoo + 8/| (/ is the fiber of F4 —>■ P^. The section cq is then 
given by a degree four polynomial 04(2) on and so the Weierstrass equation of Y must 



be of the form (|3.2[ ) we used in Section 3. 



4.5. Matching of collision patterns 

The representation of the surface X as double covers of a quadric is very useful not 
only for finding the ro(2) elliptic fibration on X but also for analyzing the gauge groups 
appearing after several singular fibers of n collide in the presence of a non-trivial B-field. 
Here we show how to carry such an analysis in several model cases. This information was 
used extensively in Section 3 where we described the gauge group spectrum of the F-theory 
with fiuxes on X . 



i.e. the unique section of self intersection —4. 

Note that both X and Y have a common resolution X on X. 
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The basic idea which makes the matching of singularities possible is the observation 
that the singular fibers of either the inherited or the ro(2) elliptic fibrations on X will 
correspond to certain singularities of the branch curve ri U r2 U C. Thus we may describe 
the Kodaira fibers (in either fibration) on the minimal resolution of X by just resolving 
the singularities on the branch curve and keeping track of what part of the exceptional 
locus will have to enter the resolved branch divisor. 

SU{n) gauge groups: As usual we are interested only in non-abelian gauge groups so we 
are in the case when n >2. According to our recipe the SU (n) gauge groups appear when 
n + 1 fibers of type Ii in the inherited elliptic fibration collide with each other and the 
collision occurs away from the two Iq fibers. In terms of the branch curve this just means 
that the curve C acquires a higher order of contact with a ruling / of p2 : Q ^ P"*^ which 
is diff'erent from ri and r2- Since we want our gauge groups to be localized at a single fiber 
in both fibration we will further assume that the high order of contact of C and / occurs 
at a single point of /. 

For example a Ii fiber in the inherited elliptic fibration corresponds to C being tangent 
to / at one point x and (since f ■ C = A) necessarily intersecting it at two more points 
xi,X2- The corresponding Ii fiber of tt : X — > is then just the double cover of / 
branched at the divisor C • f = 2x + xi + X2- 

To get the group SU{2) we need to look at the case when C ■ f contains a point x 
with multiplicity 2 so that C has a node at x. Figure 5a shows how the minimal resolution 
of X is obtained by resolving the singularities of the branch divisor and how that leads to 
a I2 Kodaira fiber in the inherited elliptic fibration. The branch and ramification divisors 
are represented by the thick solid lines and / and (f) the fibers of the inherited and ro(2) 
fibrations respectively as well as their projection to Q. The same singularity viewed from 
the point of view of the ro(2)-fibration is shown on Figure 5b. 



Q f 




Fig.5a: SU (2) in the inherited elliptic fibration 
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Fig.Sb: SU{2) in the ro(2) elliptic fibration 

In exactly the same way a SU (3) gauge group will appear when C acquires a cusp at 
some point x & f. 




Fig.6a: SU (3) in the inherited elliptic fibration 




Fig.6b: SU{3) in the ro(2) eUiptic fibration 

The groups SU (n) for n > 3 are obtained in exactly the same way after resolution of 
the appropriate singularities of C. 

Sp{n) gauge groups: As explained in Section 2 the non-simply laced gauge groups appear 
as quotients of Dynkin diagrams of curves on S by the involution a acting as an exterior 
automorphisms. In the inherited elliptic fibration on S this situation corresponds to collec- 
tions of 2n/i fibers symmetric with respect to a colliding at one of the a-invariant fibers. 
In the inherited elliptic fibration on X this corresponds to nli fibers colliding on top of 
one of the Iq fibers and so on Q this is seen as a higher order of contact of the curve C 
with one of the rulings entering the branch divisor. For concreteness we will assume that 
this ruling is ri. 
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The first non-abelian case of such coUision will occur when the curve C becomes 
tangent to ri at one point. The necessary blowups and the resulting Kodaira fibers in 
both elliptic fibrations can be seen on Figures 7a, 7b. 



blowup 




blowup 



-4 


-1 






— 1— 


-2 


-1 






H 






H 

-1 





2:1 



Fig. 7a: Collision leading to Sp{l) (inherited fibration) 
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Fig. 7b: Collision leading to SpiX) (ro(2) fibration) 

As one can see from these blowups the Kodaira fibers corresponding to this simplest 
collision are of type in the inherited elliptic fibration and of type A3 in the ro(2) 
elliptic fibration. To see the actual gauge group we have to trace the behavior of the —2 
curves comprising these Kodaira fibers on the double cover S ^ X . K convenient way to 
record what is happening is to combine both Kodaira fibers described above in one graph. 
This graph is shown on Figure 8 where the nodes corresponding to the inherited fiber are 
marked as squares and the nodes corresponding to the ro(2) fiber are marked as circles. 
The four nodes that are shadowed out are the exceptional curves corresponding to the four 
fixed points of o on the preimage of r\ in S. 




Fig. 8: Combined Kodaira fibers producing S'p(l) 

In particular we see that of the four cycles of the A'^{^= I4) fiber in the ro(2)-fibration 
two are coming from fixed points for a and hence do not contribute to the gauge symmetry, 
one (marked 0) intersects the zero section and also does not contribute and so there is 
only a rank one contribution to the gauge group from the one remaining cycle. Since the 
remaining cycle intersects with two of the cycles corresponding to fix points we see that 
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when pulled back to S it becomes an irreducible rational curve invariant under a and thus 
corresponds indeed to the group Sp{l). 

The collision that produces the fibers on Figure 8 looks like colliding 2/2 on the section 
/i from the viewpoint of the ro(2)-fibration. Indeed - recall that the Ii fibers of the ro(2)- 
fibration appear when C becomes tangent to the fibers of qi : Q — > and the I2 fibers 
appear when C intersects Ri or r2- In particular the collision of 2/2 on the section fi will 
occur when C becomes tangent to ri which is exactly the situation on Figure 7b. 

To see how this fits in a series we work out the next case of colliding 2/2 + h in 
the ro(2)-fibration. The necessary blowups and the corresponding Kodaira fibers for this 
collision are shown on Figure 9. 
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Fig. 9a: Collision leading to Sp{2) (inherited fibration) 
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Fig.9b: Collision leading to Sp{2) (ro(2) fibration) 



As before the thick black lines denote the curves that are part of the branch divisor 
and so we need to blow up enough times and separate those curves to guarantee that the 
double cover X will be non-singular. The only new feature appearing here is that the 
branch divisor has a singular point with odd multiplicity (a triple point in this case) and 
so on the blown-up Q one needs to take not only the proper transform of C and the r^'s as 
branching but also one copy of the exceptional divisor in order to make the corresponding 
line bundle divisible by 2. 

The resulting combined Dynkin diagram is: 



-o — 
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Fig. 10: Combined Kodaira fibers producing Sp{2) 



and we see that there are only two nodes of the ro(2) fiber that contribute to the gauge 
group and that one of them corresponds to an invariant sphere on S. Thus the ro(2) 
coUision 2/2 + 2/i with the two /2's coming from a fixed points on /i corresponds to a 
gauge group Sp{2). 

In the same way one can work out the coUisions 2/2 + nli in the ro(2)-fibration. The 
resulting combined Dynkin diagram is 




Fig.ll: Combined Kodaira fibers producing Sp{n) 



In summary - for any given collision the gauge group corresponds exactly to the Dynkin 
diagram consisting of the cycles which are common to the two Kodaira fibers and which 
do not come from fixed points of a. Moreover the cycles intersecting pairs of exceptional 
divisors coming from cr-fixed points correspond to non-simply laced nodes in the diagram. 

S0{2n) gauge groups: Again due to the interpretation of the CHL string as a Heterotic 
string with symmetry the level two SO{2n) gauge groups will appear when on S we have 
a collection of cycles intersecting as two copies of a Dn Dynkin diagram which are away 
from the invariant fibers and are swapped by a. In terms of the inherited elliptic fibration 
on X this just means that we have a collision of Kodaira fibers leading to a D„,-fiber which 
is away from the two Iq fibers. From the view point of the quadric Q and the branch curve 
C U ri U r2 this collision occurs only when a curve of bidegree (0, 1) splits as a component 
of the curve C (which has bidegree (2, 4)). In other words one of the four points in C fl ri 
becomes coUinear with one of the four points in C fl r2. In terms of the ro(2) fibration 
this condition is expressed as a collision of two I2 fibers coming from the two sections /i 
and /2. Again the gauge groups can be seen as common parts of Kodaira fibers in the two 
elliptic fibrations but since the collision takes place away from the cr-fixed fibers, there are 
no shadowed nodes in the diagram and hence all the nodes are simply laced. 



28 



The simplest example is of a collision of 2/2 fibers in the ro(2) fibration which come 
from different sections. The relevant blowup pictures are shown on Figure 12. 
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Fig.l2a: Collision leading to SO(8) (inherited fibration) 
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Fig. 12b: Collision leading to SO (8) {To{2) fibration) 



As in the SU{n) case, here / and 4> denote the fibers of the inherited and the ro(2) 
fibrations respectively (or their projections to Q). From the blowup picture we see that 
the Dynkin diagram of the combined Kodaira fibers is: 





Fig. 13: Combined Kodaira fibers producing SO{8) 



To illustrate the pattern we will work out the next case of a 2/2 + 2/i collision in 
the ro(2)-fibration with the two I2 coming from different sections. It turns out that this 
produces a gauge group SO (10). The blow-up pictures are 
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Fig. 14a: Collision leading to 50(10) (inherited fibration) 
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Fig.l4b: Collision leading to SOi^SS) (ro(2) fibration) 
and so the combined Dynkin diagram is 
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Fig. 15: Combined Kodaira fibers producing 50(10) 
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In general the ro(2) collision 2l2 + nli with the two I2 coming from different sections leads 
to a combined Dynkin diagram 

n -2 




n — o — CD 




Fig.l6: Combined Kodaira fibers producing S0{2n) 



and therefore leads to a gauge group SO{2n). 



Exceptional gauge groups Eq, E^, Eg: As in all of the cases above the appearance of the 
exceptional groups from the En series will be governed by the degeneration of the branch 
curve C U ri U r2 to a curve with a singularity localized at a single fiber in either of the 
fibrations qi,q2 '■ Q P^- Similarly to the SO{2n) case the degeneration of C one needs 
to get the En groups is special in the sense that the curve C becomes globally reducible. 
More precisely a component of bidegree (1, 0) has to split of the (2, 4) curve C. Explicitly 
this means that the branch divisor of X ^ Q is of the form ri U r2 U r U C" where C is a 
curve of bidegree (1, 4) and r is a (1, 0) curve. Observe that since C is a numerical section 
of the fibration qi : Q ^ P-^ we know that C may be singular only if it is reducible. 

In terms of the ro(2) fibration the reducibility of C is equivalent to having a complete 
brake-up of the curve of 2-torsion points, i.e. of geting a monodromy group contained in 
r(2) C To (2). In other words the En gauge groups will come from collisions of fibers in the 
ro(2) fibration which occur in such a way that the monodromy group is kept contained in 

r(2). 

Gauge group Eq: To obtain Eq one needs a r(2) collision of 6/1. On the level of the branch 
curve this corresponds to having a smooth irreducible C which is tangent to third order 
to rs. The relevant blow-up pictures are shown on Figure 17. 
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Fig. 17a: Collision leading to Eq (inherited fibration) 
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Fig. 17b: Collision leading to i?6 (ro(2) fibration) 



where as usual / denotes the preimage of the ruling r. The combined Dynkin diagram is: 



32 




Note that in contrast with the cases with A — C — D gauge symmetry the common part 
of the two Kodaira fibers does not equal the actual gauge group (which as before is just 
the complement of the affine root of the inherited fiber) but is only a part of it. 



Gauge group E7: E7 can be obtained in two different ways trough r(2) collisions. The 
first one which specializes to Eq occurs when C becomes tangent to fourth order to r, i.e. 
in the ro(2) fibration we have a r(2) collision of 8/1. The necessary blow-ups are shown 
on Figure 19. 
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Fig.lQa: r(2) collision of 8/1 leading to E'j (inherited fibration) 
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Fig.l9b: r(2) collision of 8/i leading to (ro(2) fibration) 
where / is again the preimage of the ruling r. The combined Dynkin diagram is: 
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Fig. 20: Combined Kodaira fibers producing £'7 in the 8/1 collision 

The second r(2) collision giving £"7 involves another global break-up. To obtain this 
collision one needs to find a degeneration of the configuration ri U r2 U r U C" in which 
the curve C becomes singular at a point of r. As observed above this can happen only if 
a component of bidegree (0, 1) splits of C . This component will necessarily hae to be a 
fiber of the projection and so we actually have a degeneration of the branch curve to a 
curve of the form ri U r2 U r U U C" where as before ri, r2, r are fibers for Qfi, is a fiber 
of qi and C" is a smooth irreducible curve of bidegree (1,3). To get £7 in this way the 
curve C" has to be tangent to r at the point of intersection of r and 4>- In terms of the 
ro(2) fibration this corresponds to a r(2) collision 2/2 -|- 6/1 where the two /2's come from 
different sections (or equivalently different groups of four in the Weierstrass model F). 
The blow-up sequence producing this £7 fiber is shown on Figure 21. 
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Fig. 21a: r(2) collision of 2/2 + 6/1 leading to E-j (inherited fibration) 
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Fig.21b: r(2) collision of 2/3 + 6/1 leading to (ro(2) fibration) 



and the combined Dynkin diagram is: 




Fig. 22: Combined Kodaira fibers producing Ei in the 2/2 + 6/1 collision 



Gauge group Eg: The gauge group Eg appears as a further degeneration of the 2/2 + 6/1 
producing E'y. More precisely the appearance of an Eg fiber in the inherited fibration 
corresponds to a r(2) collision of 2/2 + 8/1 in the ro(2) fibration so that again the two I2 
come from difi^erent sections. The relevant blowup pictures are shown on Figure 23. 
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Fig. 23a: r(2) collision of 2/2 + 8/1 leading to £"8 (inherited fibration) 
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Fig.23b: r(2) collision of 2/2 + 8/1 leading to (ro(2) fibration) 
and the combined Dynkin diagram is: 
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Fig. 24: Combined Kodaira fibers producing E% 



5. Appendix: Review of F-theory/Heterotic duality 

In this appendix we review the features of the F-theory-Heterotic string correspon- 
dence which are instrumental in recognizing the F-theory dual to a CHL string. 
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5.1. The on-the-nose correspondence 

There are several ways in which one can justify this correspondence The model case is 
that of eight dimensional compactifications (cf Jl^). In this case the heterotic string theory 
is compactified on a real two dimensional torus and is described by the following vacual^: 
a complex structure r on T^, a complexified Kahler structure p on T^, as well as the Wilson 
lines of a gauge field on the torus with structure group Eg x Eg (or Spin{32)/{Z/2)). The 
F-theory compactification on the other hand takes place on an elliptic K3 surface X where 
the relevant fieldsil are the complex structure on the K3 surface, the elliptic fibration 
structure tc : X on X and a section s : ^ X of the elliptic fibration. The duality 

between the two theories is exhibited as an identification of their moduli spaces of vacua 
with the locally symmetric space 

0(2, 18; Z)\C>(2, 18; R)/(0(2; R) x (9(18; R)). (5.1) 



For the heterotic string the identification of the moduli space with ( ^.1| ) is given by the 
Narain construction The identification for the F-theory moduli space is obtained 



through the global Torelli theorem for lattice polarized K3 surfaces^^. Concretely if U 
denotes the two dimensional hyperbolic lattice and Eg denotes the root lattice of the 
group Eg one considers the K3 lattice A := U®^ © E®^ = F^'^^. It is well known (see e.g. 
||21j| ) that this lattice is (non-canonically) isomorphic to the second integral cohomology 
of any K3 surface. For any even non-degenerate lattice M C A of signature (1,^) a 
version of the global Torelli theorem (see the discussion after Proposition 3.3 in |l^) for 
K3 surfaces asserts that moduli space of M-polarized K3 surfaces is isomorphic to the 
space T m\0{M-^ ^Il)/K. Here K C 0{M-^ C?) R) is a maximal compact subgroup and 
Fm = ker[0(M^) ^ Aut{{M^y /M^)]. If tt : X ^ PMs an elliptic K3 surface with a 
section the sublattice in H'^{X, Z) generated by the class / of the fiber and the class s of 
the section is isomorphic to U (e.g. via the choice of basis {/, / + s}). By degenerating 
such a surface to an elliptic K3 surface with a section having two fibers of type //* and 
four fibers of type Ii one can easily see that the orthogonal complement of Z/ © Zs is 
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In this discussion we have suppressed the heterotic string couphng constant 



The parameter corresponding to the heterotic string coupling appears in this context as the 
volume of the section of the elhptic fibration. 

Recall |18[|that if M is an even non-degenerate lattice of signature (1,^) a K3 surface S is 
called M-polarized if it is equipped with an inclusion M C Pic(S') C H^{S, Z). 
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isomorphic to the lattice r^'^^ and hence if U is embedded inA = U©U©U©E8©E8 
as the first summand the moduli space of elliptic K3 surfaces with a section is naturally 
identified with the moduli space of [/-polarized K3 surfaces. On the other hand U is self- 
dual and therefore Fu = 0{U^) = 0(r^'^^) which leads exactly to the locally symmetric 
space (^TTl). 

5.2. The correspondence in the stable limit 



The locally symmetric space (|5.1|) is in a natural way a quasi-projective algebraic 
variety due to the Bailey-Borel theorem. However the identifications with the F-theory 
and the heterotic string moduli just described are apriori only complex-analytic since they 
involve the period map for K3 surfaces and the complexified Kahler class p respectively. 
However part of the identification is algebraic in nature which turns out to be crucial 
for the understanding of the six and four dimensional compactifications of the theories 



H^, [|T^, [ll^. The algebraic geometry of the identifications above is best understood (see 
|14{jand |T^], section 4.4) in the limiting regime when the heterotic theory is decompactified 
by letting the complexified Kahler class on the two torus become infinitely large. This 
results in degeneration of the F-theory K3 to a K3 surface having two elliptic singularities 
of type i?8- The points obtained in this way on the boundary of the heterotic and F-theory 
moduli are at infinite distance and so do not correspond to vacua. On the other hand by 
understanding the local geometry of the moduli space near such points gives non-trivial 
information about the points in the interior. 

Concretely, the surviving part of the heterotic vacua in the limit \p\ oo is encoded 
in the algebraic-geometric data of an elliptic curve Z, which is just the torus considered 
as a complex manifold with the complex structure r, and an S-equi valence classS of semi- 
stable E% X i?8 principal bundle V x V" Z. By letting the area of Z go to infinity 
one effectively reduces the size of the instanton V x V" to zero which within the moduli 
space of -^8 X -E's bundles on Z can be viewed as a deformation of V x V" to the trivial 
bundle. As explained in [|T^this deformation cannot be algebraic in general. On the other 
hand there is a natural algebraic deformation of the S-equivalence class of V x V" to 
the S-equivalence class of the trivial bundle. For this one just has to observe that the 
Looijenga moduli space of -^8 bundles on Z is a weighted projective space and so there is a 



It is necessary to pass to ^-equivalence since only the Wilson lines of the £^8 x ^8 instanton 
are relevant to the heterotic moduh. 
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natural line passing trough every two points. In the following we will be working with this 
algebraic family of bundles on Z rather than the family obtained from letting \p\ —>■ oo. 
This is justified by the expectation that there should be a global analytic automorphism 



of a tubular neighborhood of [26] that sends the two degenerations into each other. It 
will be very interesting to construct such an automorphism explicitly. From the F-theory 
point of view the deformation of an elliptic K3 X with a section to a K3 surface with 
two elliptic singularities of type -Eg corresponding to a coordinate of the period going to 
infinity can again be replaced by an algebraic degeneration which just uses the Weierstrass 



equation of X (see [J4]and [jT^, Section 4.4). In other words by varying the coefficients 
of the Weierstrass equation we can find a complex threefold X which fibers X ^ A over 
the unit disk A = {t E C\\t\ < 1} so that all the fibers A't, t ^ are smooth elliptic K3 
surfaces with a section, the fiber Xq over the point G A is an elliptic K3 with two Eg 
singularities and there is a point 6 E A with Xs = X. 

The algebraic-geometric description of the F-theory-Heterotic duality in the limit is 
now described in two steps. First one replaces (see fl^, Section 4.4 and |j2^) the singular 
K3 with two isolated Eg singularities by its stable model which is a normal crossing variety 
consisting of two del Pezzo surfaces of type Eg glued transversally along an elliptic curve. 
To achieve this one performs semi-stable reduction on the family X ^ A, i.e. uses a 
sequence of blow-ups and blow-downs on X and possibly finite base changes on A in order 
to replace Xq by a normal crossing variety. In the case under consideration the stable 
reduction requirest only two blow-ups followed by a blow-down. First one blows-up the 
two singular points of Xq in the threefold X. The two exceptional divisors X' and X" 
are rational elliptic surfaces with a sectionil and the strict transform of Xq is a P ^-bundle 
over a copy of the elliptic curve Z. By contracting this bundle onto the curve Z one 
obtains P^a family of surfaces over A which is isomorphic to X outside of G A and 



whose central fiber is isomorphic to the transversal gluing X' Yiz ^" of ^' ^" along 
Z. The rational elliptic surfaces X' and X" are naturally elliptically fibered (by their 
anticanonical linear system) and Z sits in each of them as a fiber of the elliptic fibration. 
Since X'W^^X" has also a section which is a union of two P^ (each of them in turn a 
section of the elliptic fibrations of X' and X" respectively) meeting at the origin of Z we 



Recall that a rational elliptic surface with a section is a surface obtained as the blow-up of 
P'^ in 9 points which are the intersection points of two cubic curves. 
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can blow down these sections to obtained two del Pezzo surfaces i?', R" of type glued 
along the elliptic curve Z siting inside each of them as an anticanonical section. 

The second step needed for the duality in the limit is to interpret ([jl^, Section 4.1) 
any pair Z G R consisting of an Eg del Pezzo surface R and an elliptic curve Z sitting 
inside R as an anticanonical section, as an S-equivalence class of semistable Es bundles on 
Z. In a rough outline this interpretation follows from viewing an Eg bundle V —>■ Z a,s a 
homomorphism : Eg ^ Z, ivW := V x Eg X from the Es lattice Eg to the dual elliptic 
curve Z. Similarly given the pair Z G R one gets a homomorphism Pic(i?) Pic(Z), 
L 1-^ L\z- It is well known that the primitive part {L G Pic(i?)|L ■ Kji = 0} of the Picard 
group of an Eg del Pezzo is isomorphic to the lattice Eg. On the other hand since Z is 
a section in it follows that for any L G Pic(i?) for which L ■ Kfi = we wil have 
deg(L|^) = 0. Thus the pair Z G R can be viewed as a homomorphism Eg ^ Z as well. 
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Recall that an del Pezzo is just the blow up of at eight points in general position. 
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